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............................................................................................................................
............................................................................................................................

2, Let a relation R be defined on the set of all integers Z by aRb if 5a + b is divisible by 3. Show that
R is an equivalence relation on Z and write down the equivalence class of 0.

[see page three
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3. Let f(x):xi_?’- for x#3 and g'(x)=2x—1 for x€R

Find f'(x) and g(x), and show that g(2f~'(0))= %

4. Show that

X +x x+l x-2 1 1 1 0o 1 -2

253 43x+1  3x  3x-3 |=x|-4 0 O0f{+|-4 0 0
B42x43 2x-1 2x-1 3 -3 3|3 3 3

[see page four
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S. The chord joining the points P = (ap?, 2ap) and Q =(ag? 2aq) on the parabola y?=4ax passes
through the focus of the parabola. Show that pg=—1 and deduce that the tangents drawn at P and
Q to the parabola are perpendicular.

...........................................................................................................................
............................................................................................................................

ox+|x —
[ if x=0 1+x-1 3¢ yz0

6. Let f(x)= ﬁx—|X| and g(x)= ax
-1 if x=0 - if x=0,

where « >0 and SER.
It is given that f(x) and g (x) are continuous at x = 0. Find the values of @ and B.

...........................................................................................................................

i
[see page five
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©, if x>0,

7. Let fx)={ -2, if -1<x<0,

-x=2, if x<-1.

Show that f(x) is differentia_ble at x =0 and non-differentiable at x = -1.
Write down f '(x) for x # —1-':.-

8. Solve the differential equatién tan y% + Lx+ (1+x)e*secy=0, subject to the condition y=1 when
x=0. :

1+

{see page six
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9. Let f be a continuous real-valued function on R and let @ > 0.

Show that ff(x)dx=fa{f(a—x)+f(a+x)}dx
0

—-a

10. Sketch the curve whose polar equation is given by r =2cos 8 + 4sin 6.
Find the polar equation of the tangent to the above curve at the point with polar coordinates (4, —) on it.

R N e N R O N I I e e Ty

* [see page sever
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Part B
# Answer five questions only. '

1.(a) Let A, B and C be subsets of a universal set §. Stating clearly the Laws of Algebra of sets
that you use, show that

i) (A-BUA-C)=A-(BNC),
(i) (A —B)NC'=(A'-C)-(B-C),
where A~ B is defined by ANE’.

(&) In a group of Football, Basketball and Volleyball players, it is given that
(i) 8 players can play Football and Basketball,
(ii) 5 players can play Football and Volleyball,
(iii) 7 players can play Basketball -and Volleyball,
(iv) 29 players can play Football or Basketball,
(v) 30 players can play Football or Volleyball and
(vi) 25 players can play Basketball or Volleyball
Find how many players can play Football.

12.(a) Let a,b,c > 0.

L

(i) Show that i

ab s%—(a2+b2) and deduce that abc’ < (a4+ B +2c4).

a4+b4+c4

Py ) Show that the equality holds if and only if a=b=c.

(ii) Hence, show that abcs(
4 -1

!
X
y’] {6 -3

x'y’-plane. Find the equations of the straight lines which are mapped onto them-selves. Find

x
(b) The transformation [ [ maps points in the xy-plane to the points in the
y

the image of the line y=2x—1 in the x'y’-plane.

-

Lsee page eight
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13, State and prove De Moivre’s Theorem for a positive integral index.
Using De Moivre’s Theorem, show that
cosdf = cos” 6~ 6cos*Bsin’6+sin* g and

sin4g = 4003365in8 ~Adcosfsinf .

4 2
Hence, show that cotdg = £ot 6;6cot G+1
4(cot™ 8 - coth)

Solve cot4d =+f3 and show that x = cot(%) is a solution of the equation 1t~ 43x% - 657 + 4Bx+1= 0.

Write down the other solutions of this equation also in the form cot(%%) stating the values of k.

Deduce that cot%% +cot ;—f{ + cotﬁﬁ‘"" + COtli?'ZlJE = 4J§ )

14.(a) Let C| and C, be the curves given by y=(x—1)>+1 and (y—2)? = 16x respectively. Sketch the
graphs of C,; and C, in the same diagram indicating the coordinates of their points of intersection.

Find the area of the region R bounded by the curves C, and C,.

Also, find the volume of the solid generated by rotating the region R through 27 radians about
the line y=1.

. , : . . dy_ 2x-y+5
(b) A family of curves is defined by the differential equation &~ Txi3y5

Find the equation of the curve of the family that passes through the origin,

3
15.(a) Let 1, =Jx”(1-—x)2 dx, for n€Z”.
0

Show that, In=(—2—n—2f—5)ln_1 for n=2.

3
Hence, find the value of Jx4(1-x)2 dx,
0

(b) Find the Maclaurin series of cosx and e” in ascending powers of x up to and including the
term in x°.

Hence, obtain the Maclaurin series of ¢ cos(x?) in ascending powers of x up to and including

the term in x°.
0.1

Using this, find an approximate value for fxe'x cos(xz)dx.

. S

[see page nine
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16. Show that the equation of the tangent at the point (acosf,bsind) to the ellipse -——+-z7=1 is
bxcos@+aysinf = ab and the equation of the tangent at (rcos¢, rsing) to the circle eyt=rt s

xcosg+ysing=r.
2 2
Let C be the circle x+y" =36 and S be the ellipse 255-+L2=1 :
9 4

Suppose that (6cos¢, 6sing) is a point of intersection of the circle C and the ellipse S. Show that
2p=4

tan’ ¢ =7

Hence, or otherwise show that the acute angle between the tangents to the ellipse S and the circle

C at the points of intersection is tan'l(j—).

9

2
17.(a) Let f(x)= L8 X . for xER.
2+2sinxcosx+sin” x

(i) Show that 0= f(x)s% for xER.

(ii) Solve the equations f(x) = % and f(x) = 0, and skeich the graph of y=f(x) for 0 <x < 5'2?-

(b) The following table gives values of the function f(x) correct to two decimal places for values
of x between O to 12 at intervals of iength 0.2.

x 0.0 02 04 06 0.8 1.0 12
S 1.12 201 0.00 1.11 .65 242 1.61

12
Using Simpson’s Rule, find an approximate value for = f f(x)dx.

12 0
Hence, find an approximate value for J x fi(x)dx.

0
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Part A

1. LetA=(-2, -1),B = (3 1, 2) and C = (1, a, -3), where «, 8 > 0, be three points such thal: the
angle between OA and OC is 3 L and ’OA | = | oC | Find the values of a and §.

...........................................................................................................................

2. Two forces, F =3i+aj+k and F, =i+ fBj + k act at the points with position vectors i + 2j + 3k
and yi + 8K respectively where a, 8, y €R. It is given that their lines of action pass through the point
4i + 4j + 4k. Find the values of «, § and y. Write down the equation of the line of action of their
resultant.

.............................................................................................................................

[see page three
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3. A uniform solid right circular cone of radius a and height 4a and of demsity o floats partially
immersed in a homogeneous liquid of density P with its vertex at a distance a above the free

surface of the liquid. Find the value of the ratio %.

Find the smallest weight of the particle that can be attached to the vertex of the cone to make
it totally immersed in the liquid.

4. The acceleration of a particle P at time ¢ is given by a(z) = 6ti —costj + e'k. The position vector and
the velocity of the particle P at =0 are j +k and k respectively. Find the -position vector of P at
time 1. :

[see page four
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5.

Two particles P and Q each of mass m are moving on
a smooth horizontal plane, each with speed u, towards
on a smooth vertical wall which meets the wall in the
line DE. They both hit the wall a the point X with Q
arriving at X before P. The direction of motion of P is

along AX, where AXD =30°. The direction of motion of

Q is along BX, where BXD = 60°. After rebounding from
the wall both P and Q@ move in the same direction XY

(See the figure). The coefficient of restitution between P and the wall is e. Show that the coefficient
[4

of restitution between Q and the wall is 3

Show that after rebounding from the wall, the speeds of P and @ are in the ratio V3:1,

D X E

A uniform rod OA of mass m and length 2a is free to rotate in a vertical plane Q
about the end O which is fixed. It is held in a position making an angie %ﬂ" with
the downward vertical and then released. Show that when the rog makes an angle 6

with the downward vertical the angular speed 6 satisfies a0 = %g(1+2c056).

[see page five
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7. In a restaurant, the probability that a randomly selected customer orders a cup of tea with his
breakfast is 0.6. If a random sample of 5 customers is selected,
find the probability that,

(i) exactly one customer,
(i1} less than 3 customers,
order tea with their breakfast.

...........................................................................................................................

8. In an urban area, power cuts occur randomly twice a month. Find the probability that in a given
month, there will be

(i) no power cuts,
(ii) at least 2 power cuts.

[see page six



AL/2021(2022)/11/E-IU -6-
-

9.

10.

The probability density function f(x) of a continuous random variable X is given by

1y RS

f(x)-_— c

¢ ', otherwise

where ¢ is a constant. Find the value of .
Also find E(X) and V(X).

An unbiased cubic die is rolled once. Let X be the value obtained and let ¥ = %X 2,
Find E(X) and E(Y).

¥ [see page seven
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Part B
# Answer five questions only.

11.

12.

13.

Let A=(1,0,0), B=(0,1,0) and C=(0,0, 1) be three points. Forces, 24B ,3AC and BC act
along AB, AC and BC in the sense indicated by the letters respectively.

(i) Show that the system, reduces to a single force R acting through the point A. and a couple
G, where R and G are to be determined.

(i) Now a force F is introduced to the above system.

(@) If F acts through the origin and the system reduces to a couple, find F and the magnitude
of the couple.

(b) If F acts at the point with the position vector i+ ¢j+ dk and the system is in equilibrium,
find the values of c and d.

A circular lamina of radius @ is immersed with its surface vertical in a homogeneous liquid of
constant density p such that its centre O at a depth a below the free surface of the liquid. Show
that the magnitude of the liquid thrust on the lamina is 72’pg, and that the centre of pressure of the

lamina lies on the vertical diameter, at a distance % below the centre O.

A solid right circular cone of radius @ and height 2a is immersed in a homogeneous liquid of constant
density p, with its highest point on the free surface of the liquid and its axis horizontal. Find the
magnitude, direction and the line of action of the thrust on the curved surface of the cone.

A particle P of mass 2m placed on a rough horizonial table is connected to a particle @ of mass
3m by a light inextensible string which passes over a small smooth pulley O fixed at the edge
of the table. Particles P and Q and the string all lie in a vertical plane.

Let the coefficient of friction between P and the table be —;: The system 2m

is released from rest with the string taut, as shown in the diagram. Show

that the particles stari to move.
The particle Q moves in a resistive medium that offers a resistance mkv

when its speed is v, where k(> 0) is a constant. Show that 5%= 2g-kv.

Find the time taken by P to reach a speed of % and the distance travelled by P during this
period. (Assume that the length of the string is long enough for P not to reach O during this
period.)

"

[see page eight
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14. Two smooth spheres, A and B, of equal radius, lie on a smooth horizontal table. A is of mass
m and B is of mass 2m. The spheres are projected towards each other and when they colide,
the line joining their centers is paraflel to j and velocities of A and B are 2i + 3j and —i + o
respectively, where a >0, The coefficient of restitution between A and B is % and the velocity
of the sphere Q just after the collision is —i + 3j. Find

(i) the value of «
(i) the velocity of the sphere P just after the collision
(iii) the loss in kinetic energy caused by the collision

(iv) the impulse on A from B.

15. A frame consists of three uniform rods, each of mass m and length 2a, rigidly joined together to
form the triangle ABC, together with a uniform circular ring of mass m inscribed in the triangle,
as shown in the figure. The ring is rigidly fixed to the rods AB, BC and CA at D, E and F
respectively, where D, E and F are mid-points of AB, BC and CA respectively.
Show that the moment of inertia of the frame about the axis through A perpendicular to the
plane of the frame is %amaz.

A

B E C

The frame can rotate about a fixed smooth horizontal axis through A, the axis being perpendicular
to the plane of the frame. The frame is given a small displacement from the equilibrium position
in which the center of mass of the frame is below A, and released from rest. Show that the
23a

8\/§g .

motion of the frame is approximately simple harmonic and its period is 27

16. (a) Suppose the discrete random variable X has the probability distribution given below:

X

0

1

2

3

4

PX=x)

0.1

0.3

04

0.15

0.05

Let ¥=2X + 1. The probability distribution of ¥ is given by the following table.

Y

1

3

5

7

9

P(Y=y)

0.1

0.3

P

q

0.05

(i) Find the values of p and gq.
(ii) Find E(Y) and Var(Y),
(iii) Find P(Y > 3), and hence find P(X > 1).

~

0000343

[see page nine
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(b) (i) Let X be the number of tails obtained when 3 unbiased coins are tossed. Find the probability
distribution of X and hence find E(X) and Var(X).

(i) If the value of X is an odd number, a biased cubical die with the probability of getting
3 or 6 on the face, equals to % is rolled. Otherwise, another biased cubical die with the
probability of getting 3 or 6 on the face, equals to 31,; is rolled. Variable Y is defined as
follows:

2, if the value on the face of the die is divisible by 3

1, otherwise

Find the probability distribution of ¥ and hence, find E(Y) and Var(Y).

17.(a) The probability density function of the continuous random variable X is given by

)= 10£2(1-x%) , O<x<l

, Otherwise

Find E(X) and Var(X).

Also, find P(X-: %) .

If the continuous tandom variable ¥ is defined by Y:%, find E(Y) and Var(Y).

(b) Suppose that daily household expenditures on transport in an urban area are normally distributed
with a mean of Rs. 2000 and a standard deviation of Rs. 400,

(i) Find the probability that the daily transport cost of a randomly selected household exceeds
Rs. 2500. '

(ii) 1t is given that the daily transport cost of 10% of the households exceeds Rs. k. Find the
value of k.






