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Instructions:
® This question paper consists of two parts;

Part A (Questions 1 - 10) and Part B (Questions 11 - 17).
# Part A: '

Answer all questions. Write your answers to each question in the space provided. You may
use additional sheets if more space is needed.

# - Part B:
Answer five questions only. Write your answers on the sheets provided.

® At the end of the time allotted, tie the answer scripts of the two parts together so that
Part A is on top of Part B and hand them over to the supervisor.

#  You are permitted to remove only Part B of the question paper from the Examination Hall.
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[ Part A \

0 _
1. Using the Principle of Mathematical Induction, prove that E rr+ ) =n(n+1)? forall n€Z*,

r=1

.............................................................................................................................
..............................................................................................................................
.............................................................................................................................
.............................................................................................................................
.............................................................................................................................
.............................................................................................................................
.............................................................................................................................
.............................................................................................................................
.............................................................................................................................
.............................................................................................................................
.............................................................................................................................
.............................................................................................................................
..............................................................................................................................
.............................................................................................................................
.............................................................................................................................

.............................................................................................................................
.............................................................................................................................
.............................................................................................................................
.............................................................................................................................

.............................................................................................................................

.............................................................................................................................
.............................................................................................................................
.............................................................................................................................
.............................................................................................................................
.............................................................................................................................
.............................................................................................................................
.............................................................................................................................
.............................................................................................................................

[see page three




AL/2017/10/E-1 ' -3 |
- N
3. Sketch, in an Argand diagram, the locus / of the points that represent complex numbers z satisfying |
Arg (z—2i) = %

Let P and Q be the points in the above Argand diagram that represent the complex numbers 2i
and ~f3 + 5i, respectively. Find the distance PQ and show that the point @ lies on L
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4. In how many different ways can the eight letters of the word INFINITY be arranged in a row?
How many of these arrangements have '

(i) all three I letters close to one another?

(ii) exactly one 1 letter and both N letters as the first three letters?
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3
5 Let 0<a<Z. Show that lim —*—% - 3q?% cos? o,
2 x—a tan x — tan o
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6. Let O<a<b. Show that isin“( b-a cosx) = u.b—asinx X
: dx \/acoszx + bsin®x

Hence, find zsm X = dx .
\/acos X+ bsin” x
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7. A curve C is given parametrically by x=3cos#-cos*d, y=3sinf—-sin® 84 for 0 <8 < %
Show that % = —cot® 9.
Find the coordinates of the point P on the curve C at which the gradient of the tangent line is —1.
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8. Let /, and [, be the straight lines given by 3x—4y=2 and 4x—3y=1 respectively.
(i) Write down the equations of the bisectors of the angles between I, and [,

(ii) Find the equation of the bisector of the acute émgle between [, and I,.
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9. Let S be the circle given by x* + y¥>? — 4 = 0 and let / be the straight line given by y = x + 1. Find
the equation of the circle which passes through the points of intersection of S and /, and also intersects
the circle S orthogonally.
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.............................................................................................................................

2
10. Show that (cosg +sin g) = 1 +sin @ for —w< @ <7. Hence, show that cos = sm~—— = J— and also

find th & _sin & that sin & = ¥3.=1.
nd evalueofcos12 sm12 Deduce that sm12 W
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. Part B

# Answer five questions only.

1. (@) Let f(x) = 3x* + 2ax + b, where a, bER.
It is given that the equation f(x) = 0 has two real distinct roots. Show that a® > 35.
Let a and 8 be the roots of f(x)=0. Write down a+f in terms of @ and af in terms of b.
Show that [a~ | = 2a? - 3b .
Show further that the quadratic equation with |e+ g1 and |a - | as its roots is given by

9x” - 6|al + Va? =36 x + 4a® ~ 3a% = 0.

(b) Let g(x) = X+ pxT+gx+1, where p, g €R. When g(x) is divided by (x—I)(x+2), the remainder
is 3x+2. Show thai the remainder when g(x) is divided by (x —~ 1) is 5, and that the remainder
when g(x) is divided by (x+2) is —4.

Find the values of p and g, and show that (x + 1) is a factor of g(x).

12.(a) Write down the binomial expansion of (5 + 2x)* in ascending powers of x.

Let T be the term containing x" in the above expansion for r = 0,1,2,...,14.

T -
Show that —£* = Mx for x=0.

T 5(r+1)
r
Hence, find the value of r which gives the largest term of the above expansion, when x = %
(b)Y Let ¢ = 0. Show that 2 =1 I for reZ"
- (r+c)r+c+2) (r+c¢) {(r+c¢+2) )
a
' 2 __(3+2c) 1 N +
Hence, show that z (r+c)r+c+2) (+)2+¢) (n+c+l) (n+c+2) forneZ .
Deduce that the infinite series 2 10 (r et ) converges and find its sum.
N e 1 1
By using this sum with suitable values for ¢, show that 2 o+ 2) = +21 r+ 1)(r+3)
= r=
/

|see page eight
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B@iet A= 2 23] gl -1 a] ap=|*!
b 0 2 0

(b)

14.(a)

(b)

, where a, bR .

-1 b5 2 1

It is given that ABT = P, where BT denotes the transpose of the matrix B. Show that a= |
and b=-1, and with these values for a and b, find BTA,

Write down P™', and using it, find the matrix Q such that PQ = P2 + 2I, where I is the 1denuty
matrix of order 2.

Sketch in an Argand diagram, the focus C of the points representing complex sumbers z satisfying
|lz| = 1.

Let z, = a(cos 6+ sin ), where a> 0 and 0 < ¢ <Z . Find the modulus in terms of g and the
0 2

principal argument, in terms of 6, of each of the complex numbers m;— and zg
0

Let P, O, R and S be the points in the above Argand diagram representing the complex numbers

1 1 2 crecti
Z,, A Z,+ Z and z; , respectively.

Show that when the point P lies on C above,
(i) the points Q and § also lie on C, and

(ii) the point R lies on the real axis between 0 and 2.

- ,
_ x
Let f(x) = m-:-z—) for x=1,2.
Show that f'(x), the derivative of f(x), is given by f'(x) = x(4 - 3x) 5
(x = 1)*(x - 2)

Sketch the graph of y = f(x) indicating the asymptotes and the turning points.

for x#1,2.

Using the graph, solve the inequality — % =0
g the grap walty s =

The shaded region shown in the adjoining D C
figure is of area 385 m2. This region is =—— =
obtained by removing four identical rectangles
each of length y metres and width x metres
from a rectangle ABCD of length 5x metres

and width 3y metres. Show that y = %

and that the perimeter P of the shaded

region, measured in metres, is given by

P=14x+339 g 150,

Find the value of x such that P is minimum.

_/

[see page nine
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15.(a) (i) Express —l-i- in partial fractions and hence, find f—}—dx.
x{x+1)

x(x + 1)2
(i) Using integration by parts, find Jxe”Jr dx and hence, find the area of the region enclosed

by the curve y = xe™ and the straight lines x =1, x = 2 and y=0.
C

M Let c>0and 1 = J !11?-(6—4';2 dx. Using the substitution x = ¢ tan®,
¢ +x

show that Iz%lncw%], where J = | In(l+tan®) d6.

(=]
N

@ [}
Using the formula f finydx = f HRa—x)dx, where a is a constant, show that J =%1112.
0 0

Deduce that I = %IH(ZCZ).

16. Let mER . Show that the point P=(0,1) does not lie on the straight line / given by y = mux.

Show that the coordinates of any point on the straight line through P perpendicular to ! can be
written in the form (—mz, t+ 1), where ¢ is a parameter,

Hence, show that the coordinates of the point Q, the foot of the perpendicular drawn from P to /,
2
are given by( L ,_m__)_
+m? 1+ m?

Show that, as m varies, the point Q lies on the circle S given by x2 + y> — y = 0, and sketch
the locus of @ in the xy-plane.

Also, show that the point RE(%—E,%) lies on S.

Find the equation of the circle ' whose centre lies on the x-axts, and touches § externally at the
point R.

Write down the equation of the circle having the same centre as that of S and touching §
internally.

17.(a) (i) Show that 2S05(607—8)-cos8 = o o o 000

sin#

(ii} In the quadrilateral ABCD shown in the figure, AB = AD, ABC = 80°, CAD = 20° and

BAC = 60°.
Let ACD = . Using the Sine Rule for the triangle ABC, show that % =2c0s40°.
Next, using the Sine Rule for triangle ADC, show that C
AC _ sin20°+a) 7
AD sina D
Deduce that sin (20° + «)=2cos 40° sin .
Hence, show that cota = 200549 —(ios 20 .
sin 20
Now, using the result in (i) above, show that o = 30°. _ , 60° 802
A B

(b) Solve the equation cos4x + sindx = cos 2x + sin 2x.

st Ne s
i LA
=
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Instructions:
# This question paper consists of two parts;
Part A (Questions 1-10) and Part B (Questions 11-17)
¥ Part A:

Answer all questions. Write your answers to each question in the space provided. You may
use additional sheets if more space is needed.

# Part B:
Answer five questions only. Write your answers on the sheets provided.

# At the end of the time allotted, tie the answer scripts of the two parts together so that
Part A is on top of Part B and hand them over to the supervisor.

%  You are permitted to remove only Part B of the question paper from the FExamination Hall.

# In this question paper, g denotes the acceleration due to gravity.
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( ‘ Part A R
1. A particle P of mass m and a particle Q of mass Am move with speeds u and v respectively,

towards each other along the same straight line on a smooth horizontal floor. After their impact,

the particle P moves with speed v and the particle Q moves with speed « in opposite directions.
Show that A=1, and find the coefficient of restitution between P and Q.

.............................................................................................................................
.............................................................................................................................
.............................................................................................................................
..............................................................................................................................
.............................................................................................................................
.............................................................................................................................
..............................................................................................................................
.............................................................................................................................
.............................................................................................................................

2. A balloon, carrying a small uniform ball, starts from rest from a point on the ground at time
t=0 and moves vertically upwards with uniform acceleration f, where f<g. At time ¢=T, the ball
gets gently detached from the balloon and moves under gravity. Sketch thé velocity —time graph
for the upward motion of the ball, from r=0 until the ball reaches its maximum height. Find the
maximum height reached by the ball in terms of T, f and g.

.............................................................................................................................
.............................................................................................................................
.............................................................................................................................
.............................................................................................................................
.............................................................................................................................
.............................................................................................................................

“[see page three
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3. In the diagram, PABCD is a light inextensible string aftached to a particle Ll

of mass m placed on a fixed smooth plane inclined at 30° to the horizontal.
The string passes over a fixed small smooth pulley at A and under a smooth
putley of mass 2m. The point D is fixed. PA is along a line of greatest slope,
and AB and CD are vertical. The system is released from rest with the string A
taut. Show that the magnitude of the acceleration of the particle is twice the '
magnitude of the acceleration of the movable pulley and write down equations
sufficient to determine the tension of the string.

....................................................................................
..............................................................................................................................
.............................................................................................................................
..............................................................................................................................
.............................................................................................................................
.............................................................................................................................

...............................................................................................................................

4. A truck of mass M kg is towing a car of mass m kg, along a straight horizontal road, by means of
a light inextensible cable which is parallel to the direction of motion of the truck and the car. The
resistances to the motion of the truck and the car are AM newtons and Am newtons respectively,
where A(>0) is a constant. At a certain instant, the power generated by the engine of the truck is
P kW and the speed of the truck and the car is vms™. Show that the tension of the cable at that

instant is 1000 mP newtons.

(M + m)

.............................................................................................................................
.............................................................................................................................
.............................................................................................................................
.............................................................................................................................
..............................................................................................................................
.............................................................................................................................
.............................................................................................................................

.............................................................................................................................
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S. In the usual notation, let —i+2j and 2ai+aj be the position vettors of two points A and B
respectively, with respect to a fixed origin O, where a(>0) is a constant. Using scalar product, show
that AOB = &, .

Let C be the point such that QACB is a rectangle. If the vector OC lies along the y-axis, find the
value of a.

...............................................................................................................................
.............................................................................................................................
............................................................................................................................
.............................................................................................................................
..............................................................................................................................
.............................................................................................................................
.............................................................................................................................
.............................................................................................................................
.............................................................................................................................
.............................................................................................................................
.............................................................................................................................
.............................................................................................................................
.............................................................................................................................
.............................................................................................................................

.............................................................................................................................

6. A uniform rod AB of length 2a and weight W, suspended from a fixed
point O by two light inextensible strings OA and OB, is in equilibium as

shown in the figure. G is the mid-point of AB. It is given that AOB = -J2£and
OAB = a. Show that AOG = a, and find the tensions in the two strings.

................................................................................................

.............................................................................................................................

.............................................................................................................................

.............................................................................................................................

.............................................................................................................................

.............................................................................................................................

.............................................................................................................................

.............................................................................................................................

.............................................................................................................................

.............................................................................................................................

.............................................................................................................................
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7. Let A and B be two events of a sample space Q. In the usual notation, it is given that
P(AUB):%, P(A’UB'):% and P(B| A) = i-. Find P(4) and P(B).

.............................................................................................................................
.............................................................................................................................
.............................................................................................................................
.............................................................................................................................
.............................................................................................................................
.............................................................................................................................
.............................................................................................................................
.............................................................................................................................

.............................................................................................................................

e R

.............................................................................................................................

.............................................................................................................................

............................................................................................................................

.............................................................................................................................

.............................................................................................................................

e Lt he e E Rt hrae e e mn e E et s et e et e e n e n A ke n et rns

8. A bag contains nine cards. The digit 1 is printed on four of them and the digit 2 is printed on

the rest. Cards are drawn from the bag at random, one at a time, without replacement. Find the
probability that

(i) the sum of the digits on the first two cards drawn is four,
(it) the sum of the digits on the first three cards drawn is three.

.............................................................................................................................
..............................................................................................................................
.............................................................................................................................
..............................................................................................................................
..............................................................................................................................
..............................................................................................................................
.............................................................................................................................
.............................................................................................................................
.............................................................................................................................
.............................................................................................................................
.............................................................................................................................
e i T

..............................................................................................................................

.............................................................................................................................
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9. Values of six observations are a, a, b, b, x and y, where a, b, x and y are distinct positive
integers with a<b. What are the modes of these six observations?

It is given that the sum and the product of these modes are x and y respectively. If the mean

of the six observations is —;—, find @ and b.

.............................................................................................................................
.............................................................................................................................
R R NN T T R R I L R R R R L TN T TR R R R
444 BB N s aad s reEree v b BRI N LA S s A Ak myhd g bbb h b e aaa Tk kB AN A LA IS AR I T ARSI AL LA a s e
.............................................................................................................................
.............................................................................................................................
..............................................................................................................................
.............................................................................................................................
.............................................................................................................................
.............................................................................................................................
.............................................................................................................................
.............................................................................................................................
.............................................................................................................................
.............................................................................................................................

.............................................................................................................................

10. The mean and the variance of the ten numbers x,, x,, ..., x,, are 10 and 9 respectively. It is
given that the mean of the nine numbers which remain after omitting the number x, is also 10.
Find the variance of these nine numbers. :

.............................................................................................................................
..............................................................................................................................
.............................................................................................................................
.............................................................................................................................
..............................................................................................................................
..............................................................................................................................
.............................................................................................................................
.............................................................................................................................
.............................................................................................................................
.............................................................................................................................
.............................................................................................................................
.............................................................................................................................
.............................................................................................................................
L I N I I R R I I I N I I R I LR R N i I R R L)
.............................................................................................................................

P R _ [see page seven
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Part B
# Answer five questions only.

{In this question paper, g denotes the acceleration due to gravity.)

11.(a) The base of a vertical tower of height a is at the centre C of
a circular pond of radius 2a, on horizontal ground. A small

stone is projected from the top of the tower with speed u at I

a

B

an angle % above the horizontal. (See the figure.) The stone

moves {reely under gravity and hits the horizontal plane ' C
through C at a distance R from C. Show that R is given by 2a
the equation gR? - 1?R — ?a=0. '

Find R in terms of 4, a and g, and deduce that if 4% > % ga , then the stone will not fall into

the pond. '

(b} A ship § is sailing due East with uniform speed # kmh™; relative to earth. At the instant when
the ship is at a distance / km at an angle # South of West from a boat B, the boat travels
in a straight line path, intending to intercept the ship, with uniform speed v kmh! relative
to earth, where usinf <v <u. Assuming that the ship and the boat maintain their speeds and
paths, sketch, in the same diagram, the velocity triangles to determine the two possible paths
of the boat relative to earth.

Show that the angle between the two possible directions of motion of the boat relative to earth

is 7-2a, where « = sin™' (4506}

Let £, hours and ¢, hours be the times taken by the boat to intercept the ship along these two
2lucosd -

paths. Show that £ +&, = =5—=2
u —v

12.{(a) The trapezium ABCD shown in the figure is a vertical cross-

section through the centre of gravity of a smooth uniform block B 2 C
of mass 2m. The lines AD and BC are parallel, and the line AB P
is a line of greatést slope of the face containing it. Also, AB = 2a .

A/ D

and BﬁD:a, where 0 < < %and CoSex = -g- The block is
placed with the face containing AD on a smooth horizontal floor.

A light inextensible string of length [ (> 2a) passes over a small smooth puliey at B, and has a
particle P of mass m attached to one end and another particle Q of the same mass m attached to the
other end. The system is released from rest with the string taut, the particle P held at the mid-point
of AB and the particle Q on BC, as shown in the figure.

Show that the acceleration of the block relative to the floor is %g and find the acceleration
of P relative to the block.

Also, show that the time taken by the particle P to reach A ié 157—“. |
' 8

[see page eight
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(b) Two particles A and B, each of mass m are attached to the two ends of a light
inextensible string of length [(>2ma). A particle C of mass 2m is attached to the
mid-point of the string. The string is placed over a fixed smooth sphere of centre O
and radius a with the particle C at the hi ghest point of the sphere, and the particles
A and B hanging freely in a vertical plane through O, as shown in the figure. The.

particle C is given a small displacement on the sphere in the same vertical plane, so

that the particle A moves downwards in a straight line path. As long as the particle C is in contact
with the sphere, show that §% = %(] - cos ), where ¢ is the angle through which OC has tumed.
Show further that the particle C leaves the sphere when 8 = %

13. One end of a light elastic string of natural length a and modulus of elasticity mg is attached to a fixed
point O at a height 3a above a smooth horizontal floor and the other end is attached to a
particle of mass m. The particle is placed near O and projected vertically downwards with speed

1/ga . Show that the length of the string x satisfies the equation )'E-t-%(x—Za) =0 for a<x<3a,
and find the centre of this simple harmonic motion.

Using the Principle of Conservation of Energy for the downward motion of the particle until the

first impact with the floor, show that k2:§(4ax—x2) for a <x < 3a.

. ' .o -2 '
Taking X=x-2a, express the last equation in the form X = %(A2 - X2) for -a<X<a, where A
is the amplitude to be determined.

What is the velocity of the particle just before the first ifnp‘act with the floor?

The coefficient of restitution between the particle and the floor is % For the upward motion of

the particle after the first impact, until the string becomes slack, it is given that X2 = %(B? -X 2)
for —a <X < a, where B is the amplitude of this new sitmple harmonic motion to be determined.
Show that the total time during which the particle performs downwards and upwards simple harmonic

motions described above is §6£ % i

14.(a) The position vectors of two distinct points A and B with respect to a fixed origin O, not collinear
with A and B, are a and b respectively. Let c=(1-A)a+Ab be the position vector of a point
C with respect to O, where O0<A<1.

Express the vectors AC and CB in terms of a, b and 4. :

Hence, show that the point C lies on the line segment AB and that AC:CB=21:(1- A).

Now, suppose that the line OC bisects the angle AOB. Show that |bi(a.c)=|a|(b.c) and
hence, find A.

(b) In the figure, ABCD is a rectangle with AB =1m and BC =~/3 m, and CDE is E
an equilateral triangle. Forces of magnitude 5, 243, 3, 443, P and ¢ newtons
act along BA, DA, DC, CB, CE and DE respectively, in the directions indicated

by the order of the letters. This system of forces reduces to a couple. Show p c
that P=4 and ¢=38§, and find the moment of this couple. |
Now, the directions of forces acting along BA and DA are reversed, but their fAm

magnitudes remain the same. Show that the new system reduces to a single
resultant force of magnitude 2+/37 newtons.

Show further that the distance from A to the point at which the line of action , l B
m
of this resultant force meets BA produced is .Z.m.

|see page nine
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15.(a) A uniform cubical block of weight W and side of length 24
2a is placed on a rough horizontal floor. A uniform rod
AB of weight 2W and length 2« has its end A smoothly
hinged to a point on the horizontal floor and has the 4
end B against a smooth vertical face of the cube at its - B
centre. The vertical plane through the rod is perpendicular
to that vertical face of the block and the system stays
in equilibrium. (See the figure for the relevant vertical
cross-section.) The coefficient of friction between the
cubical block and the rough horizontal floor is H. Show

that ‘uaw/g.

(b) The figure shows a framework consisting of 150 N
five light rods AB, BC, AD, BD and CD freely 4 TB c
Jointed at their ends. AB=a metres and BC=2a [“J30r 30°
metres, and BAD = BDA = BCD = 30°. The P ¢
framework is loaded with weights 150N at B
and 300N at D. It is in equilibrium in a vertical
plane supported by two vertical forces P and Q
at A and C respectively, so that AB and BC are _ 300N
horizontal. Show that P=250N.
Draw a stress diagram using Bow’s notation and hence, find the stresses in all the rods and state
whether they are tensions or thrusts. '

16. Show that the centre of mass of a thin uniform wire in the shape of a semi-circular arc of centre C

and radius a, is at a distance 27?- from C.

In the adjoining figure, PQ, PR and ST are three straight line pieces

. . . . . P
cut from a thin uniform wire of mass p per unit length. The two pieces N g
PQ and PR are welded to each other at the point P and then welded to > g
ST at the points Q and R. It is given that PQ = PR = a, ST = 2q and -
PO= % where O is the mid-point of both QR and ST. Also, SUT is a

semicircular arc of centre O and radius @ made up of a thin uniform
wire of mass kp per unit length, where £(>0) is a constant. The rigid
plane wire-frame L shown in the figure has been made by welding the
semicircular wire SUT to the wire ST in the plane of POR at the points §

and T. Show that the centre of mass of L is at a distance (ggk+_4k_+_3) a
zk+4 |2

from P.

The wire frame L is in equilibriem with its circular part touching a
smooth vertical wall and a horizontal ground rough enough to prevent
slipping, and its plane perpendicular to the wall as shown in the adjoining

figure. Mark the forces acting on L and show that & > Zli

Now, let £ = 1. The equilibrium is maintained in the above position

even after a particle of mass m is attached to L at the point P. Show

that m<3pa.

[sce page ten
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17.(a)

(&

~

Each of the bags A, B and C contains only white balls and black balls which are identical in
all respects, except for colour. The bag A contains 4 white balls and 2 black balls, the bag
B contains 2 white balls and 4 black balls, and the bag C contains m white balls and (m+ 1)
black balls. A bag is chosen at random and two balls are drawn from that bag at random, one
after the other, without replacement. The probability that the first ball drawn is white and the

second ball drawn is black, is % Find the value of m.

Also, find the probability that the bag C was chosen, given that the first ball drawn is white
and the second ball drawn is black.

The following table gives the distribution of marks obtained by a group of 100 students for
their answers to a Statistics question:

Marks range | Number of students
0-2 15
2-4 25
4-6 40
6-8 15
8-10 : 5.

Estimate the mean x and the standard deviation ¢ of this distribution.

Also, estimate the coefficient of skewness « defined by x = :—3(—“?}9-4—), where M is the median
of the distribution. '

# %






