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Part A

1. Factorize: (x+ ¥y (x—y)+{(y+ DP-+(+ )z - x).

2

2. A relation R is defined on R by xRy if %'~y —x+y=0. Show that R is an equivalence
relation on R.

[see page three
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1
3. Let flxy=(ax+D3 and g(x) = 3x + 4 for xER be such that (f °g)1) =2, where « is a real

constant. Find the value of 4.

Let A(x) = (f o £)(x). Find A'(x).

.
.
4
.
.
.
.
.
.
N
.
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5. Show that the the equation of the normal to the parabola y* = 4ax at the point (at?, 2at) is
y+t=2at + at’.

Find the value of 7 if this normal passes through the focus of the parabola ¥ = 4ax.
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6. Leta&R ,b=1,and f: R — R be the function given by
-1/ .
Xxtan =) ifx<0,
fx)=14 a, if x=10,
Jb-1+x, if x>0.

If fis continuous at x = 0, find the values of « and &.
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7.

Let f: R — R be the function defined by

f(x)m X, if x<1

x2—~2x+2, if x=1

Is f differentiable at x = 19 Justify your answer.
Write down f'(x) for all x = I.
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9. let f and g be real-valued continuous functions on the interval [0, 1] satisfying the equation
2x f(x?) + 3g(x) = 14 x for x€[0, 1].

1 i
Show that if [ f()dx=1, then [ g(r)dx=2.
Y 0 :
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direravasaaaaae Arbriarrees seveasaEanrELsas I w srascana pecsssaanara rrerararar rsasavanssnn kavensaan txrsneare trarenan rraes
..... e L L R R R RN AL i
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.......... T T LT R PR PP R e LR T T e R R AR
...... e e e e e E N R R LR L LA i
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P vrarsean seeeanavar Kasaan CestEvEeeEbarr b bt eI TN EET I b A bR AN SRR T IR RN RS sarananrr Lo 12
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...... AvrsssanvrTevER AR R R RN VR R e e R R R R R LR LR AR
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varrerry drtteanEsesaeasnanne saspenasaananrene Prrsnana rrsasuanenaan PesbsvatEEEsEeTE tessaseren recvear vrEseszaverII AL A
SaarrEastiscacamtnsnate i E Tt bE AR T . tressawana daressirens Nreaa sertsanens rasansr ey kaasraave Prrbesenasne
s trasvrsrirkrbEbLELEy srreramwan Prrrassea servrerer srartsarreny crcamanas vaeann Cvrvraane besrasesamarrrrEaasaar s

10. Sketch the curves whose polar equations are given by r = 2 and r = 2 {cos g — sin 8) in the same
diagram, and find the polar coordinates of their points of intersection.
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PART B
# Answer five questions only.
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11.(a) Let A, B and C be subsets of a universal set S. Stating clearly the Laws of Algebra of sets
that you use, show that

(i) (B~ A)U(C-A)=(BUC)- A and

(i) ANB-C)=(ANB)-(ANC),
where the set A —~ B is defined by A~B=AN#".

(b) In a survey involving of 40 people who had visited at least one of the three cities A, B and
C, it was revealed that 22 people had been to city A, 23 to city B and 19 to city C. It was
also revealed that 18 people had been to the two cities A and B, 11 to A and C, 13 to B
and C and 11 to all three cities. Find the number of people who

(i) had been to A or B,
(ii) had been to B and C, but not to A,
{iii) had not been to B or C.

12.(a@) Let a, b and ¢ be positive real numbers. Assuming the inequaﬁtyw = Yabc, prove that

() (a+b+c) ("31‘ + % + %) > 9,
9

a b <
+ + zand

(1) b+c c+a a+b

=

(i) I-a)d + a) = g% for 0<a<1.

(£y The transformation [ ;, ] = ( % i ) ( ; ) in the xy- plane maps the point (g, 2} to the point

(a, b), where a and b are real constants. Find the values of 4 and b.

This transformation maps the line x = 1 to a line px' + gy + r = 0, where p, g and r are
real constants. Find the values of p, ¢ and r,

Find the equation of the line in the xy- plane which gets mapped onto the line 2x'+y =1
under this transformation.

v

[see page eight
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13. State and prove De Moivre’s theorem for a positive integral index.

Let o = cos(zgm)-}-zsm(z?”) fork=0,1,2, .. Show that a)z =1 fork=0,1,2, .. and hence

write down the five distinct roots of the equation 2 -1=0.

Deduce that W, B, O and w , are the four distinct roots of the equation z + z + z +z+1=0.

Deduce further that z +z +z +z2+1 = {z — 2cos(25”) z+1}{ 2003(4;") z-:-l}.

By comparing the coefficients of 22 and 22 of this identity, obtain the quadratic equation with integer

coefficients having cos(zgg) and ©os (%’5-) as its Toots.

2.71:) V51

Hence show that (
ence oW acoss 4

14.(a) Let C, and C, be the curves given by x = y* and x = 2 — y* respectively. Sketch graphs of C, and
C, in the same diagram, indicating the coordinates of their points of intersection,

Find the area of the region S bounded by the two curves C, and C,.

Also find the volume of the solid generated by rotating the region S through four right angles about
the line x = 3.

= A5+Y By substituting y = xV show

(») A family of curves satisfies the differential equation dy
dx x4y

that the given differential equation gets transformed to ) A ‘W dv = Lax.
41 + v x

tan_l(%) —In(x2 + yz) = A,

B [

Hence show that the family of curves has the Cartesian representation
where AER.

Also, obtain the differential equation satisfied by the orthogonal trajectories of this family of curves.

i
15.(a) Let I = f(1~x3)"xdx for nE€Z"*,
1]

3" al
(3n+2)(3n-1)---8-5-2

Show that (3n+2){ =3nl | forn=2,3,....and deduce that 1 =

for neZ”.

(b Let ¥y = ¢“** for xER . Show that M + smxg + (cosx)y = 0.
dx’ x

Obtain the Maclaurin series expansion of y up to and including the term of x4
: 1
Hence find an approximate value for the integral f e dx.
0

. A
{see page nine
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16. Verify that the point 7 = (% (t + %), g—(t - %)), where ¢ (# 0) is a parameter, lies on the hyperbola

2 2
X Y =
2 pa :
a

o

Obtain the equation of the tangent to the hyperbola at the point 7.

Show that the points P = (at,br)and Q = (at',~bt') lie on the asymptotes of the hyperbola.

It is given that the mid-point R of PQ lies on the hyperbola. Show that #f' =1and that the line PQ
is tangent to the hyperbola at R.

Show also that OP-0Q = a + bz, where O is the origin.

Let L and M be the points at which the perpendiculars drawn from R to the asymptotes of the

2,2
ab

2
a +b

hyperbola meet the asymptotes, Show further that RL-RM = 5 -

. 2
17.(a) Let f(x) = QWLJ for xER.
2+¢05 X

(i) Show that 1 <f(x)=<2 for x&R.
(ii) Solve the equations f(x)=1 and f(x)= 2.

(iii) Sketch the graph of y=f(x) for Osxsx.

(b) The following table gives the values of the function f(x) = In(l+ xz) correct {0 three decimat
places, for the values of x indicated there:

X 0 0.5 1.0 15 | 20
fx) 0 1022310693 1.179|1.909

Using Simpson’s Rule with the values given in the above table, find an approximate value
for the area bounded by the curves y = In(1+x2), x=0,x=2 and y=0.

2
Deduce an approximate value for f Intl + 17 dx .
-2

ale sla abs
ol gl
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Part A

1. The position vector r of a point P, with respect to a fixed origin O, is given by
r= (_1_ asin&)i + (‘E asinﬁ) j+ (acose)k , where (0 = 8 s ) is a scalar parameter and g is a

2

positive constant,

TR R Ldre _ mc!“'[;_g_z__ ..
Showthat () r-r=qg° (i) r dE}_O and (iii) rx 5= ( J§1+J).

Krbradeanaaa FEraLErErLLCANE L E AT e e R R b Y FhEEEEEEYsaT At EBR I ARt s A RN E TR rrrEsLaaa Fedacvreswreranearrrea ey
........... e L T T T R
............. [E Tl L L R R R RN R R R
................................. P T L T R R R R R X

.......................................................................................... P I R R
P L N T RN TR T PR IR T R N AbErNCC R b aE NI AR RN,
.......... S T R LA R R R R R N Y]
................. P N T T LR T T T N R LR
..................... e L T e A LR

............................................ PR T N R
.............................................. I I R R L]
I L L R TR R N T I N T T T T e betedsadLERBaTa e T e AR e A
.............. R T R R N R RN R SRRl LR L]
............... T N N R R R

2. Through the points A, B and C with position vectors ai, bj and ck, respectively, three forces
P(bj+ ck), P(ck + ai) and P(ai+ bj) act, where P is a positive constant and a, b, ¢ are constants
such that abc = 0. Show that this system reduces to a single resultant force whose line of action
is r = Alai+ bj+ ck), where A is a parameter. Find the magnitude of the resultant force.

B N R T R R AV L PELEMELERIsEraNETE T RS L AT R T R R WeRsed A ELLtateT et ta A Py
...... e T T T T T L I N
...................... P L L T N TR R TR N T TN e R R R R R
................................. [ L L L L R R R N R R
........................................ I I I N e R
............................................... T T T e R I R R T
......... e L T N AR KR ]
............ T T T R R R R R R e AR

........................ [ R L T R N ]
.............................................. s 4344134014611 1 80084811 tsREnsErssaavsransesrrretereasrrasdiadsssadrsnsvesesy
................... I I N O T T N R ]
....................................... [ I T R R R T NI ET]
N R T L L R RS R T T R R PP R P R R R R EE R R rarasss e

..............................................
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3. Triangle ABC is the cross-section through the centre of gravity, perpendicular o the three parallel
edges, of a uniform triangular prism. The prism floats freely in a homogeneous liquid with the
edge through A on the free surface, the edge through B below the free surface and the edge
through C above the free surface. By considering the lines of action of its weight and the upward
liquid thrust, show that the face of the prism containing BC is vertical.

........ LR R N R R N I N e T
AE et r Tt r R E T e e Er NS R A s eA R E LR, tesrbbranat LR R R R L L T T T T Paava
drerrT i TeraatItaAT T A AR IR P rE Rt At ast sl FARa skt radran L R L L R R R R R LR R TR I ShEL ket e ey
............................. R R R R N N N I,
.................... LR R N R R R T R R R I B Y L T L T
ssararaaa A E b rTrrrEraPTet I A T Ea T e A E T IR R Ra s b D R L T R R R e R R R T
...................................... N R L T I,IImmmmnm
................................ R L R R L N R R R T IT
.......................... R R L N NN T R R R R T Il R N T Y
..................... LR L N L R I N R R I L T
.................. L R R L R R N R N e T
......... I R N N IO

............................ L R R R NN R R R R L I R I I R T
........................ L AR R R N N L R R I T T

4. The position vector r at time f, of a particle of mass m with respect to a fixed origin is given
by r = a[(sin 2w1)i+ (1~ cos2wr)j], where a and @ are positive constants. Show that

(i) its path is a circle with centre C with position vector aj and radius a,

(ii) its angular momentum about C is 2ma?wk, and

(i) ¥ + 4w2(r—aj) = @

.......
........
.................................... K E ¥ e e e e e e e e e e e eaeane e s e iR At et e et b e e n e d e b rae s bt ran
.............................. F e e e e ke e e h e s s e R e s bbbty ek an s ren e et e an
......................... E e e et Er i ae e e e e se bt e kb e a b hea e be e s E s s s ne e
.....................
....... N

b e rnaaae e r At r e rae e aean Cr s ra s b v rierenieareen
...................
..........
........................
............. E e h A ke ey e e e eE s e e e s s se e e s a e a e h e A e e e sy e p et
e reriaer s R N o LA B AV ALY L IR S L O

\ S
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5. A smooth sphere of mass m moving with uniform velocity u = u(icosa + jsina) , where 0 < a < %
and u is a positive constant, on a smooth horizontal floor strikes a smooth sphere of the same radius

and of mass M, initially at rest. If the velocities of m and M after impact are vj and wi respectively,
show that
(1) their mutual impulse is of magnitude mu cos a,

(i) the cocfficient of restitution is %

PrberbatEasadtresa T raN ey rescsa FidsasrazaEEens et T e R PP R R TR R R S N R beazaatiEsEet e R
....... R N R R LR
..................... e L L L R e R R ]

......................................................................................... L L L L LR T T Y

.......................... R NN N R R R L]
............................ P T A R O R R L R
..... T T L L T e R R R e SRR
......... T L T T R N LR RN A

..................... [ R N e e S A R R AR AL A A A
..................... S T L L R L e R R LR L
........................ R S R T R AL RN R
AV erBssTErEE ARt aRRaRTITI R Krdararrrareae GatEsssBE Il AIAYrATTR AT I T E e vatnevemsrrteannrerErrTE, PrEaaresann TN b
sbrasarsazsean NratsssvaerrarreRnean trrras FeesrisBaEsI e A YRR R IR T TR T e e e ey drusEERaECERRE aTeEr ey WkskarrieaEEREREE TR
........... S L R L T R R R R A AL
.................. e T L R R N R LR AR

6. A uniform circular hoop of mass M and radius a rolls, without slipping, on a rough horizontal floor.
Its plane remains vertical and the speed v of its centre is constant. Find the kinetic energy of the hoop.

................ S L T L T L N e R AR
.................... T R L A T N R R
.................... e T T L T L T R R AR ER R R LR L)
.......................... [ T L R R R e e N R R R
IR FEEEaasccEsva I AR TR R FbrrestasatLELE LS R AR S eR T b EE R A4 RATEEE I AR e AR IEP I E R Ot LaL e
.......... e T L L R T R R R N R RN R RS
.................... T L R R R R R R N AL R
...................... T I I N T N R T R R T R e L R
............................... [ T T N I T O O R e e R R
v N L R L T i Grera kb rEEEEEILEEIIIEIIAIELE L E LR R AR KRN AR S Ry kst sELLEdsad e R a T Ay
arEsessRTeat ARy B L L L R R T R R FrvrariramarceaceRaRvE T EEy tesasasanan
I I I L T T P R R R YT L T R e setsasininnaazeEEAALat E AN ‘e
............................ e L T R N AR R R R R
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7.

A random variable R takes integer values » = 1,2,3,--,n, each with probability '}I Find E(R),

the expected value of R.

H
Assuming the formula E P o= %(u +1D(2n + 1), also find the variance of R.

r=l

....................................... h e et reseaaresasmtaccrreabinaranns ot e N E etk ek ear
........................
Ca ks F e e e e e e e ee YA ekt ek A e e e e et eanece st anaeat T e s et s ea st easaa e s

e beberrberrrrareas . e ettt asa e aenarasat it seanen e asrrrtesanannn Ceerreasanaaea vereerasaaas Creeenans Ve
............................................................... e a e e e E B Er A e e b b e et e a kb ek s
............................................ 1 h e a e st Er T e e s be e e et s e e r e e e e aata e nyan
............................... ok h e N e e e e h b e e e st e e E e e N e e e a ks e eT e e e rreee e saaiaaerarar
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111 respectively.

8. A discrete random variable X takes values -2, 0, 2 with probabilities 1°2°7

Obtain the probability distribution of the random variable ¥ = X, + X, , where X, and X, are two
independent observations of X. Show that the standard deviation of ¥ is 2.

R R N I L T L ARt EteNrEdn b Er R E b bRy R R N IR
.................................... L L R LR L R R R I L T R R R T T RS e
................................... R N I R R R R R N I I I N N T T Y
......................... D L I NN T T ey
................................ R I R R R L L R LR R e e R L
....................................... FEraa b * N P L L L R L PP
...................... L R R R R R R R R R R R R R R T T N R NN T
R R R L R R T I L T AAETRALABS A bbb XX REEERR R R R R R TR TR
........................... L R R R R T T PN
Bt radrEr e N TrEEETEYTITIA TN At AN At b TR e b ARB At CaR A b Prruas e abay GredshresNandrtdravn T rrn ey Eraaaan

...................................................................................

................................

.
[see page six
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9. The probability density function f(x), of a continuous random variable X is given by

kx(l—x) for 0sx=1,
0 elsewhere.
(i) Show that £ = 6

(i) Find E(X) and E(X%).

f) =

........................... S T L L R e R A R R
..... o T R e R R
............... e T L R LR e L L]
............................. N T R AL R
..... e T L R R R AR
................ S T L L R R R e R R R R AR +
AV sas s EEEEss T I I e ARy Frreasasesn NEsirrrasssamseneazrTes Waaraeas e aens Frzssveraanrreanay serarsasarisEE AR st AN
................ T I L L T e R
................. e T L L L R T R R R R R R R ]
yerssatrEEFs LA TTEIIR YA BhAbEssasrascazEAs LR RssAITAN AR IR RNy Ka4siasastaatrsa s AT EE Y T drseeaaan resssarrirerray .
e EEEasErLeERSETERE NI TI N AR R AR A B AaereREEEEAER AT I AN I s e TRy FaehReA R4t aTLEss B L RN E R RN T FerRRbIat e v
................... P L L R R N AL RN R LA R ]
casaear R R R R T R T ] e kb EAratstanaatEes Tttt e EedEseATRERE AT et R Ad R drdrkraaarre e
....................... O L R R T R R R R R
........................... T L L L L L R R R NN R

10. A random variable X is uniformly distributed on the interval {1, 4].
() Find PR=X =3 and P(X =2).
(ii) Find the value of a such that P(X 2 a)=0.6.

Ahi4essERB IR ERR KT AR s AT A R R L T T TR TR Rt ebEEEE B TR IA A AAE AT EEY T TarEress e anE e
.................. T T I L N R N RN LR R R R R ]
........................... [ T T R R AR L]

VeusasaasaraarerEeR e TI AR E T Y, kb EusLiEEEEESaA s TR e IR T AR R TN b hTEbEELI R IR bR AR verraaLrarsanaaeaa
........ T T T N L I e e R R R R SR RN
............... S R R T L AL R R R N e R AR
VebsssiEEEREsELEIEEE AR R A NN R 4es it ariratazsanea YrreEssttrac s ke drseserEaaEararesat ey FEdsaranEsnear ey
.............. T N T I O I o N R R N L A
....... 1 L N R e R AR LR
............ P T T T N e AR LR RN
....................................... T R R R O T e R R K]
.............. R T T T R R N A R R RN LR
.......................................... [ R L R T e N L]
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Higher Mathematics II /)

# Answer five guestions only.

PART B

11. A system of forces consists of six forces acting along the lines specified below.

Line Force
OA=j+k P + k)
OB=k+i Pk + i)
OC=i+j PG + j)
BC = j-K 0(j - k)
CA=k-i Ok - i)
AB=i-j 0 -

(i) a single resultant force,

(i) a couple.

thrust on the triangle ADE. Show that x

(i) the square ABCD,
(ii) the triangle ADE.

ABCE.

12. A lamina ABCD in the shape of a square with AB =
homogeneous liquid so that the side AB lies on the free surface of the liquid. The point E is
taken on the side CD such that CE = x and the thrust on the trapezium ABCE is equal to the

Here P and Q are constants. Reduce the system to a single force R at the origin O and a couple
of moment vector . Obtain the conditions for the system to be equivalent to

When it is given that both P and Q are non-zero, show that the system is equivalent to a wrench

of pitch 5% Find the vector equation of the central axis of the wrench and verify that it passes

through the centroid of the tetrahedron GABC,

- a

4

Using integration, find the distance from AB to the centre of pressure of

By taking moments about AB, find the distance from AB to the centre of pressure of the trapezium

a is completely immersed vertically in a

[see page eight
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13.

14,

15.

A particle of mass m is projected up along a line of greatest slope of a smooth plane of inclination
o to the horizontal, with initial speed u. The air resistance to its motion is mkv, where k is a
positive constant and v is the speed. Show that the maximum distance L moved by the particle,

up the plane, is given by L =4 + 8 (8% ) and find the time taken by the particle
k 2 \ku + gsina
to move the distance L. k 83

Obtain an equation relating the above initial speed u with the speed V with which the particle
returns to the starting point, provided that the same resistance acts in the downward motion along
the line of greatest slope.

A smooth sphere A moving on a smooth horizontal table impinges on an equal smooth sphere

B lying at rest on the table. The direction of velocity of A makes an angle 0(< %), with the

line of centres of the spheres at the moment of impact. The coefficient of restitution between
the two spheres is e (0 <e < 1). Show that the magnitude J of the mutual impulse between the

spheres is given by J = %mu (1+¢) cosf; where m is the mass of each sphere and u is the
speed of A before the coilision.

Using this impulse, or otherwise, show that the fraction § of original kinetic energy lost due to
impact is given by & = %(1 - ez)coszﬂ.

Show further that the tangent T of the angle of deflection of the path of A due t0 the collision
is given by L%Q = 2;.;.1;;&, where ¢ = tan 8.

Hence, show that the deflection takes a maximum value when f = ,/;»5—6 and that, in this case,

2
§=lz€
3-e

Show that the moment of inertia of a uniform rod AB of mass m and length 2a about an axis

through its mid-point G perpendicular to AB is %maz‘

A small smooth light ring is attached to the end A of the rod AB and the ring is free to move
along a smooth straight wire fixed horizontally. The rod is held along and under the wire and
released from rest in that position. Show that

(i) the mid point G of the rod moves in a vertical straight line L, and

(i) the angular speed # of the rod when it is inclined at an angle 6 to the horizontal is given
by af? = M%__
1+ 3cos @

Find the velocity of G when the rod becomes vertical.

Now, the ring breaks at the instant when the rod becomes vertical, and the rod begins to move
under gravity alone. Show that in the subsequent motion of the rod the mid point G moves along
the same vertical straight line L with constant acceleration g, and that the rod rotates about G

with constant angular speed 1}%&.

D

[see page nine
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16. (a) In a certain game, a player has to roll a ball twice down an inclined plane, and each time
the ball settles in one of the five slots marked 1, 2, 4, 2, 1 separately. The probability of ball
1

settling in any slot is 5

let X = “Sum of the two marks assigned to the slots where the ball settle in.” The probability
distribution table for X is given below:

x 2 3 4 5 6 8
P(X =X) 4p q 4p 4p 4p p

Find the values of p and q.
Find E(X) and E(X"), and show that Var(X) = 24.

(b) For a discrete random variable ¥, the cumulative distribution function F(y) is given by
F(y) = ky*. y = 1, 2, 3. Find the value of k and the probability distribution of Y.

Also, find values of E(Y) and E(3Y - 2).

1
=(2-x), O 2,
17. {(a) A continuous random variable X has probability density function f(x) = 2( %) =x=

0 otherwise.
() Find P(X > 1) and P(X>1’X>%),

(i) Show that E(X) =~32~ and find Var(X).

() The weights of packets of sugar are normally distributed with mean 500 g and standard
deviation of 10 g.

(i) Find the probability that a randomly chosen packet has a weight between 490 g and 305 g.

(ii) Find the value of % such that 95% of all packets have weights between (500 - &) g
and (500 + %) g.

(ili) Five packets are randomly chosen. Find the probability that at most two of these packets
have a weight less than 495 g.






