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Instructions:

% This question paper consists of two parts,
Part A (Questions 1--10) and Part B (Questions 11-17).

#*  Part A:
Answer all questions. Write your answers to each question in the space provided. You may
use additional sheets if more space is needed.

% Part B:
Answer five questions only. Write your answers on the sheets provided.

¥ At the end of the time allotted, tie the answer scripts of the two parts together so that
Part A is on top of Part B and hand them over to the supervisor.

#  You are permitied io remove only Part B of the question paper from the Examination Hall.
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Part A

1. LetA= {xeR:|x-2|22} and B = {xeR:|x - 1|<3} be subsets of R. Find AN Band A U B'.

..........................................................................................................................

..........................................................................................................................
.........................................................................................................................
..........................................................................................................................

2. Let A and B be subsets of a universal set 5. The set ANB is defined, in the usual notation, by
ANB=ANB'. Show that ANB=RB"\ A" and (ANB)NC=AN(BUC).

..........................................................................................................................
.........................................................................................................................
..........................................................................................................................
..........................................................................................................................

[see page three
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3. Show that the compound propositions (p = ¢) v (p = r) and p => (g v ) are logically equivalent.

.........................................................................................................................
..........................................................................................................................
..........................................................................................................................

[see page four

120




AL2019/67/E-IINEW) -4-

4

5. Solve the simultaneous equations 2log, x +log, y =3 and 2% _ ¥ =0 for x and y.

..........................................................................................................................
.........................................................................................................................

6. Find all real values of x satisfying the inequality X = w{%ﬁf

..........................................................................................................................
.........................................................................................................................
..........................................................................................................................
..........................................................................................................................
..........................................................................................................................

..........................................................................................................................

[see page five
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7. Let fix)=x*+1 and g(x)=ax+b for xeR, where a and b are real constants. It is given that
S(g(0)) = 2 and g(f(()) = 3. Find the values of g and 5,

With these values for ¢ and b, find g7'(x).

..........................................................................................................................
..........................................................................................................................
..........................................................................................................................

8. Let A=(1, 2) and B=(9, 8). Find the equation of the perpendicular bisector / of AB.

Two points C and D are taken on { such that ACBD is a square. Show that the area of the square
ACBD is 50 squate units,

..........................................................................................................................
.........................................................................................................................
..........................................................................................................................
..........................................................................................................................
..........................................................................................................................

..........................................................................................................................

[see page six
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9. The surface area of a closed rectangular box with a square base of side length x m and height
h m is 100 m? If x is increasing at a rate of 6 m s~ while keeping the surface area unchanged
find the rate at which / is changing when x = § m.

..........................................................................................................................
..........................................................................................................................
..........................................................................................................................
..........................................................................................................................
..........................................................................................................................

..........................................................................................................................
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Part B
# Answer five questions only.

11. (@) Eighty five students of a certain school have to face two pre-qualifying examinations to qualify
for the final examination.

Number of students passed in the first pre-qualifying examination is equal to twice the number
of students passed in the second examination. The number of students who passed exactly one
examination is 70 and 5 students failed both examinations.

Determine the number of students who passed
(i) each pre-gualifying examination,
(ii) both examinations.

(b) Using truth tables, determine whether each of the following compound propositions is a tautology,
a contradiction or neither.

(i) [prt~g=~p)]=>q
(i) [pa(p=)]|r(~q)
(iit)y ~(prg)={(pvy)

12.(a) Using the Principle of Mathematical Induction, prove that
2(61‘2 w2r-1) = n(2nz+2n—~1) for all n€Z .
r=l

1 +
& Let = f =y .
) Let V= ey

Verify that V, = o ez’
r+2 r+i
Show that 21 vV, = 3nvd) +2) for n€Z'.

15
Also, find ,(2V, +3).
r=6

{See page eight
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13.(a) Let a €R. Show that the roots of the equation x*+ax—1=0 are real and distinct.
Let @ and f3 be these roots. Find the quadratic equation that has 2a+1 and 28+ 1 as its roots.
(b) Let f(x)=x*+3x2+px+q, where p and g are real numbers.

The remainder when f(x) is divided by (x~1) is ~12 and (x-2) is a factor of f{x). Find the
values of p and gq.

Also, find the other linear factors of f{x).

14.(a) Let k&R The coefficients of x° and #?' in the binomial expansion of (1 + kx)?* are equal.
Show that k = 7.

(b) By discarding the terms involving powers of x greater than 3, find an approximate value for
(1% + (03)%.

(c) A person opened a bank account by depositing Rs.50000 at the beginning of a month. He
then deposited Rs.20000 at the beginning of every month for two years. The account pays
0.5% interest compounded monthly. Find the balance in the account after two years.

At the end of every month afier this two year period, he withdrew Rs. 20000 from the accoumn.
For how long will there be money left in the account for him to continuously withdraw
Rs. 20000 per month?

15. Show that there are two siraight lines {, and [, passing through the point (-2, 8) and sum of the
intercepts on the axes is 6.

A straight line meets the above two straight lines /, and [, at points P and O respectively. If the
midpoint of the line segment PQ is (1, 5), find the equation of the line PQ.

Show that the equation of the straight line passing through the point of intersection of straight
lines {; and [,, and perpendicular to PQ is 4y = x + 34.

2 y2
16.(a) Find lim 5=
XA X e g

(h) Differentiate each of the following with respect to x:

Q) 1nfx+e”) (i) (Hmf iy [lre

__gx

(¢) A window is in the shape of a rectangle surmounted by a semicircle as ;
shown in the figure. The entire perimeter of the window is (rx+4)m. By x!
1

taking x m as the radivs of the semicircle, show that the area of the

window Am? is given by A=k (mexz), where k = —%(E~!*4), x *

Find the value of x such that the area of the window is maximum.

|See page nine
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17.(a) Using the method of integration by parts, evaluate J{xﬂ)z e dx.

(b) The following table gives the values of the function f(x)=( 1 )2 correct to four decimal
—x

places, for values of x between O and 1 at intervals of length 0.2,

X 0.00 0.20 0.40 0.60 0.80 1.00
flx) 0.2500 0.3036 0.3906 0.5102 0.6944 1.0000
i

Using Trapezoidal rale, find an approximate value for / = f 1 5-dx, correct to three decimal
places. (2-x)

Find 7 using the substitution u=2~x or otherwise and compare with the approximation obtained
above.
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a a@ l1+a’
1. Let A=1h b 1+5 , where a, b and ¢ are distinct non-zero real constants. If A= 0, show that
c c? 1+¢°
abe =—1
1 2 3 2 2 20
2. Let A= , B= ! and C=| 3 -1 1. Find A+8, AC and BC.
2 14 -1 4 1 5y 1

Verify that (A+B)C=AC+BC.

..........................................................................................................................

..........................................................................................................................
..........................................................................................................................

h.
{see page three
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3. The time X taken (in hours) for assembling a motorcycle follows a normal distribution with mean
i and standard deviation 5. If 10% of the motorcycles are assembled in less than 14 hours, find
the mean .

..........................................................................................................................

..........................................................................................................................
..........................................................................................................................
..........................................................................................................................

4. A company has two sections A and B with 50 and 60 employees in each, respectively. In a
particular year the average and the standard deviation of the monthly wages in the two sections
are given in the following table:

Section Number of Average monthly | Standard deviation of
employees wages (Rs.) monthly wages (Rs.)
A 50 40 000 6750
B 60 35000 7000

Determine which section has the larger variability in wages.

..........................................................................................................................
.........................................................................................................................
..........................................................................................................................
..........................................................................................................................
.........................................................................................................................
..........................................................................................................................
..........................................................................................................................

[see page four
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5. The sum of the numbers and the sum of the squares of the numbers of a set of 20 observations
are 140 and 2260 respectively.

(i) Find the mean and the standard deviation of the 20 observations.

(i) i the median is 10, find the coefficient of skewness and comment on the shape of the
distribution of the set of 20 observations.

.........................................................................................................................
..........................................................................................................................
..........................................................................................................................
.........................................................................................................................
.........................................................................................................................

6. The probability that a randomly selected seed from a packet germinates is 0.7. If five seeds are randomly
selected from the packet for planting, find the probability that

(i) at least one of the seeds will germinate,

(i) exactly three seeds will germinate.

..........................................................................................................................
..........................................................................................................................
..........................................................................................................................
..........................................................................................................................

A
fsee page five
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7. A box has two red pens, two blue pens and a black pen. Two pens are randomly selected without
replacement. Find the probability that both pens selected are of

(i) the same colour,

(it) different colours.

..........................................................................................................................
..........................................................................................................................

8. The probability mass function of a discrete random variable X is given below:

X 0 1 2 3
PX =x) 02 0.2 0.3 03

Find E(X).
Let ¥ be the random variable given by ¥ = 2X~3. Find E(¥) and the probability that ¥ is positive.

..........................................................................................................................
..........................................................................................................................
..........................................................................................................................

[see page six
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9. Suppose that A and B are exhaustive events of a sample space S. If P(A) = % and P(A M B) = % \
find () P(B), (i) P(A|B), (i) P(A']B).

10. Let X be a continuous random variable with probability density function f(x) given by
k(3x-1), l=sx=<4,
f)=

0, otherwise,

where k is a positive constant.
Find

(i) the value of £,

(it} the mean of X.

.........................................................................................................................
........................................................................................................................
..........................................................................................................................
.........................................................................................................................
..........................................................................................................................
..........................................................................................................................

oW

[see page seven
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% Answer five questions only.

11. A company owns two machines A and B which have different production capacities for high,
medivm and low grade nails. This company should produce at least 7, 6 and 13 tons per week
of high, medium and low grade nails respectively to meet the demand of the market. It costs the
company Rs. 10000 and Rs. 8000 per day to operate machines A and B respectively.

The following table gives the capacity of production in tons per day of each machine on each
grade of nails.

Grade of nails Capacity (tons/day)
A B
High 2 i
Medium i i
Low 2 3

The company wishes to find out the number of days that each machine be operated per week to
minimize the total production cost, while meeting the demand.

(i) Formulate this as a linear programming problem.
(if) Sketch the feasible region.
(iii) Using the graphical method, find the solution of the problem formulated in part (i) above.

(iv) Due to a technical issue, the machine B has to be operated for a week at most twice as many
days as the machine A is operated.

Find the increase of total production cost per week, if the company still wishes to minimize
the production cost.

[See page eight
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12.(a)

(b)

13.(a@)

(b)

12 2
LetAz%ZI—2
x 2 y

Find x and y such that AAT = K, where I, is the identity matrix of order 3 and AT represents
the transpose of A.

011
Let A= 101

110
Find constants p and ¢ such that A°+pA=gl,, where I, is the identity matrix of order 3.
Deduce that there is a square matrix B of order 3 such that BA=I,.

Consider the following system of linear equations:

y + z =
X + z = 2
X + Yy = 5
i X

By taking H=1 2 | and X =| y {, show that the matrix equation AX = H represents the
5 z
above system of linear equations.

Hence solve the above system of linear equations.

Two unbiased standard six-sided dice I and II with faces marked 1, 2, 3, 4, 5, 6 are tossed.
Let x and y be the numbers landed in die 1 and die 1l respectively.

let A and B be the events defined by
A x <y and
B :x + yis an odd integer.

Find P(A), P(B), P(AMB) and P(A1RB).

(i) Find the number of different permutations that can be formed from the ten letters of the
word “STATISTICS”.

(it} Find the number of different combinations that can be formed from four letters taken from
the ten letters of the word “STATISTICS™.

|See page nine




AL2019/07/E-H(NEW) -9-

14. Fruits are packed in three boxes, A, B and C, so that box A contains only 7 mangoes, box B
contains 4 mangoes and 3 pears and box C contains 5 apples and 2 pears. Suppose that a box
is selected at random and 2 fruits are randomly picked one after the other without replacement

from the selected box.
Assuming that the selection of each box is equally likely, find the probability that

() both fruits selected are mangoes,

(ii) at least one of the selected fruits is a mango,

(iii) both fruits selected are mangoes given that one is a mango,
{iv) fruits are of different kinds.

15. A continuous random variable X has an exponential distribution with probability density function
f(x) given by

f=

0 , otherwise,

where A (>0} is a parameter.
Find the mean and the variance of X.

The lifetime X of an electric equipment is exponentially distributed with a mean of 2 years. Find
the cumulative distribution function of X and hence find the median of X.

(You may take ¢ %7 =~ 05)

An equipment is randomly selected. Find the probability that

1

(i) the life time of the equipment will exceed 1 5 years,
(ii) the equipment will fail before 2 years, given that the equipment had lasted more than 1%
years.
(You need not simplify the answers.)
16. The mean and the standard deviation of the set of values {x,: i=1,2, ..., n} are u and o respectively.

Find the mean and the standard deviation of the set of values {axi+b: i=1,2,...,n}, where
a and b are constants.
The following table summarises the ages (recorded to the nearest year) at the initial diagnosis of
high blood sugar of a group of 70 diabetic patients.

Age Number of patients
10-20 9
20-30 12
3040 32
40 - 50 i4
50 - 60 3

(i) Using a suitable linear transformation or otherwise, calculate the mean and the standard deviation
of the given frequency distribution.

(ii) Find the inter-quartile range of the above distribution.

(ii1) Two more patients who were both initially diagnosed with high blood sugar at the age of 55
joined the group. Find the inter-quartile range of the frequency distribution of the initial age
of diagnosis of high blood sugar of all 72 patients.

{See page ten
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17. Duration of activities in a project and the flow of activities are described in the following table:

Activity Immediate Puration
predecessor{s) | (in months)
A - 2
B A 2
C A 3
D B,C 4
E B,D 5
F - 8
G E.F 1
H E, G 2
1 H 4

(i) Construct the project network.

(i1) Prepare an activity schedule that includes earliest start time, carliest finish time, latest start time,
latest finish time and float for each activity.

(iii) What are the activities that cannot be delayed without extending the total duration of the project?

(iv) Find the total duration of the project.

(v) Due to external reasons, activity F is expected to take one more month than the regular duration.
Determine whether the project can still be completed within the total duration calculated in part
{iv) above.
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